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We discuss the concept of connection states (or connection matrices) that describe posterior
ensembles, post-selected according to the outcomes of a quantummeasurement. Connection matrices
allow one to obtain results of any weak and some non-weak pre- and post-selected measurements,
in the same manner as density matrices allow one to predict the results of conventional quantum
measurements. Connection matrices are direct extensions of the density matrices and are generally
non-Hermitian, which we show to be a direct consequence of quantum complementarity. This
implies that the ultimate reason for unusual weak values is quantum complementarity. We show
that connection matrices can be determined experimentally. We also show that retrodictive states
are a special case of connection states. We propose a new method of tomography of quantum
detectors.
PACS numbers: 03.65.Ta, 03.65.Ca, 03.65.Wj
I. INTRODUCTION
Quantum mechanics is intrinsically stochastic. Mea-
surements of a physical quantity for an ensemble of iden-
tical quantum systems prepared in the same state (the so-
called “preselected” ensemble) yield different outcomes
for different individual systems. The quantum state, de-
scribed generally by the density matrix ρ, contains all
the information on a quantum system available for an
observer at a given time t0 and thus allows one to predict
the probabilities of the outcomes for any future measure-
ment performed on the system.
A measurement performed at a time t1 (t1 > t0) al-
lows one to divide the preselected ensemble into pre- and
post-selected (PPS) ensembles, i.e., sub-ensembles cor-
responding to different measurement outcomes. The in-
formation provided by a measurement outcome l is com-
pletely described by a POVM operator El. Thus, the
quantum systems in a PPS ensemble, corresponding to
an outcome l, are characterized by two quantities, the
initial state ρ and the observable El. PPS ensembles can
be probed by measurements performed at intermediate
times t ∈ (t0, t1), i.e., by PPS measurements [1]. The
results of PPS measurements are obtained, conceptually
speaking, by combining the prediction based on the ini-
tial state and retrodiction (retroactive prediction) based
on the final-measurement outcome, such a procedure be-
ing called “quantum smoothing” [2].
We ask the following question: Can one describe a
PPS ensemble similarly to a pre-selected ensemble, i.e.,
by some operator, which can be used to obtain the full
statistics of any PPS measurement? Below it is shown
that indeed, under certain conditions, such an operator
exists. It is called here “connection state” (or “connec-
tion matrix”), since it describes the state of quantum
systems between the preparation of the initial state and
the measurement and thus connects these two stages of
evolution. The connection matrix is useful for quantum
smoothing, in contrast to the density matrix used for pre-
diction. Remarkably, the connection matrix is generally
non-Hermitian. Below this property is shown to be a di-
rect consequence of the non-classical nature of quantum
mechanics.
PPS measurements [1], especially weak PPS measure-
ments and the resulting weak values of observables [3],
were found useful in a multitude of interesting applica-
tions (for reviews see Refs. [4–9]), including quantum
paradoxes [5, 10–12], foundations of quantum mechan-
ics [13], measuring wavefunctions [14, 15], high-precision
metrology [16], and plasmonics [17]. These applications
involve unusual properties of PPS measurements, such
as unusual weak values, which can be complex numbers
with unbounded magnitudes and real parts lying outside
the range of the eigenvalues of the observable.
The physical meaning of weak values is not yet com-
pletely understood and is a subject of controversy [18–
20]. This is an impediment to further progress in the
field of PPS measurements. In view of the importance
of unusual weak values, they have attracted significant
attention. In particular, distributions of unusual weak
values were studied [21], and some necessary conditions
for such values were obtained [4, 7, 10]. Note, however,
that non-classical behavior in weak PPS measurements is
not always directly associated with unusual weak values.
In particular, there are quantum paradoxes, such as the
three-box problem [10, 11] and “the quantum-Cheshire-
cat paradox” [5, 22], which are obtained with the usual
weak values. This shows that the weak values of the mea-
sured observables are not the most fundamental quanti-
ties characterizing weak PPS measurements.
The connection state provides the full statistics of
any weak PPS measurements for a given PPS ensemble.
Therefore, the connection state is the most fundamental
quantity characterizing weak PPS measurements. Con-
nection states are not only more fundamental but also
simpler mathematically than weak values, since generally
2connection states involve two operators and not three as
weak values. Therefore the analysis of connection states
is comparatively easy, which allows us to shed new light
on PPS measurements. In particular, below we show that
the unusual character of weak values is explained by the
non-Hermitianity of connection states and hence is a di-
rect consequence of the non-classical nature of quantum
mechanics.
Some special cases of connection states were intro-
duced previously [23, 24] as convenient auxiliary tools.
Here we emphasize the fundamental importance of the
connection states and discuss in detail their properties
and the physical significance. After the preprint of the
first version of this paper was published [25], the paper
[26] appeared where a “transient state” coinciding with
our connection state was considered. Actually, only the
Hermitian part of the connection state is important for
the problem discussed in Ref. [26]. Here both the Her-
mitian and anti-Hermitian parts of connection states are
studied on an equal footing, and the importance of both
of them is shown.
The outline of the paper is as follows. Section II pro-
vides an overview of conventional and PPS quantummea-
surements. In Sec. III, the connection states are intro-
duced in the context of weak PPS measurements. We
discuss properties, physical meaning, the relation to weak
values, and tomography of connection states. In Sec. IV,
we show that connection states describe not only weak
measurements but also a class of arbitrary-strength PPS
measurements. In particular, we consider violations of
uncertainty relations in PPS measurements. We also
show that retrodictive states [27] are a special case of con-
nection states; as a result, we obtain a symmetric form
of connection states. Next, we propose a new method
for tomography of quantum detectors. In Sec. V, we
show that the unusual properties of the class of PPS
measurements described by connection states are a di-
rect consequence of the non-classical nature of quantum
mechanics. In Sec. VI, the effects of the unitary dynamics
of quantum systems on connection states and PPS mea-
surements are considered. In Sec. VII, we discuss the re-
lations between connection and posterior states and also
between the present approach and the two-state vector
formalism [1, 4, 6]. Section VIII contains conclusions.
Three Appendices provide details of calculations.
II. OVERVIEW OF QUANTUM
MEASUREMENTS
A. Conventional quantum measurements
We begin with a very brief overview of quantum mea-
surements. First, we consider conventional quantum
measurements. Let ρ be the density matrix describing
the state of the quantum system. The operator of any
physical quantity A has the spectral expansion
A =
∑
i
aiΠi. (1)
Here ai (ai 6= aj ∀i 6= j) are the eigenvalues of A, and Πi
are projection operators that satisfy the equalities
ΠiΠj = Πi δij ,
∑
j
Πj = I, (2)
where I is the unity operator. Then, according to the
projection postulate [28, 29], an ideal (strong) measure-
ment of A yields an eigenvalue ai with probability given
by the Born rule,
Pi = Tr (ρΠi), (3)
while leaving the system in the posterior state
ρ′i = ΠiρΠi/Tr (ρΠi). (4)
Generally, this state depends on the intial state ρ. How-
ever, when Πi is a rank-1 projector, Πi = |φi〉〈φi|, the
posterior state |φi〉 is pure and independent of the initial
state.
Furthermore, the most general measurements are de-
scribed by the positive-operator valued measure (POVM)
{El} satisfying ∑
l
El = I. (5)
Now the probability of the lth measurement outcome is
given by [30]
Pl = Tr (ρEl). (6)
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FIG. 1. Schematic diagram of PPS measurements. A conven-
tional measurement of an observable A in a state ρ provides
information IA. In a PPS measurement, this information is
conditioned on a result of a subsequent measurement M, de-
scribed by a POVM operator E. This yields modified infor-
mation I ′A [see, e.g., Eqs. (7) and (8)]. Here ordinary (double)
lines carry quantum (classical) information.
3B. Pre- and post-selected measurements
Consider now PPS measurements (see Fig. 1). We be-
gin with ideal (or strong) PPS measurements [1]. In the
general case, when the initial state ρ can be a mixed state
and the post-selection is made by an outcome of a gen-
eral measurement with a POVM operator E, it is easy
to show with the help of Eqs. (3), (4), and (6) that the
probability to observe an eigenvalue ai of A in a strong
PPS measurement is given by [7, 31]
Pi|E =
Tr (E Πi ρΠi)∑
j Tr (E Πj ρΠj)
. (7)
This formula is an extension of the Aharonov-Bergmann-
Lebowitz (ABL) rule [1, 10], reducing to the latter when
the initial state is pure and the post-selection measure-
ment is ideal. Studies of strong PPS measurements pro-
vided some interesting results, such as the 3-box quan-
tum paradox [4, 11] and the time-symmetry relation
[1, 4, 5, 7].
An alternative to strong PPS measurements are weak
PPS measurements [3]. Weak PPS measurements of a
quantity A yield the so-called weak value of A, which in
the general case is given by [32, 33]
Aw =
Tr (EAρ)
Tr (Eρ)
. (8)
In the special case when the initial state is pure, ρ =
|ψ〉〈ψ|, and the final measurement is ideal with E being
a rank-1 projector, E = |φ〉〈φ|, the weak value is [3]
Aw =
〈φ|A|ψ〉
〈φ|ψ〉 . (9)
In this case, it is common to say that “the system is
post-selected in the state |φ〉”, since the final state is
|φ〉. Note, however, that generally the final state is not
uniquely determined by E and is dependent on ρ as well.
What is more important, the final state is irrelevant for
PPS measurements, since they are not affected by the
evolution of the system after the post-selection. Still, we
will use the common term “a pure post-selected state” to
refer to the cases where E is a rank-1 projector.
In PPS measurements, the intermediate measurement
of A generally significantly modifies the initial state ρ,
which may result in a change of the post-selection prob-
ability, thus affecting the PPS ensemble [34]. In particu-
lar, for strong PPS measurements this effect is seen from
the fact that the post-selection probability, given by the
denominator in Eq. (7), depends explicitly on A. Be-
low we focus mainly on the cases where the dependence
of PPS ensembles on the intermediate measurements is
negligibly small. In this case, PPS ensembles are very
close to posterior ensembles, a special case of PPS en-
sembles where no intermediate (PPS) measurements are
performed.
III. CONNECTION STATES
A. General consideration
Weak PPS measurements (at least, in the linear-
response regime [7]) have the important property that
they do not appreciably disturb the state of the quan-
tum system. Hence they probe unperturbed PPS ensem-
bles (i.e., posterior ensembles). Let us show that weak
PPS measurements are similar in a sense to conventional
(preselected only) measurements. To this end, we recall
that the Born rule (3) can be rewritten equivalently as a
formula for the expectation value of an observable A,
A¯ =
∑
i
aiPi. (10)
Namely, inserting Eq. (3) into Eq. (10) and using Eq. (1),
one obtains
A¯ = Tr (Aρ). (11)
This formula describes the results of both strong and
weak conventional measurements [3, 7].
The weak value (8) can be recast in a form similar to
the Born rule (11), on using the invariance of the trace
under cyclic permutations,
Aw = Tr (Aw), (12)
where [26]
w =
ρE
Tr (ρE)
. (13)
In the special case of pure pre- and post-selected states
(i.e., ρ = |ψ〉〈ψ| and E = |φ〉〈φ|), Eq. (13) simplifies [35],
w =
|ψ〉〈φ|
〈φ|ψ〉 . (14)
The quantity w can be called connection state (or con-
nection matrix). It determines the results of weak PPS
measurements in the same way as the quantum state de-
termines the results of conventional weak measurements
[cf. Eqs. (11) and (12)]. Therefore, the connection matrix
generalizes the concept of the density matrix. In particu-
lar, the connection matrix reduces to the density matrix
of the system, w = ρ, when E is equal or proportional
to the unity operator. This could be expected, since in
this case the post-selection measurement does not yield
any information or is not performed at all, and thus the
posterior ensemble reduces to a preselected ensemble.
Connection states in Eq. (13) are normalized to one,
Trw = 1. (15)
They are invariant under multiplying ρ and E by scalar
factors, i.e., e.g., under replacing normalized ρ and E
with unnormalized ρ and E. Connection states obey a
4time-symmetry relation, as follows. An exchange ρ↔ E,
i.e., a transition from a PPS ensemble with the initial
state ρ and the post-selection operator E to an ensemble
with the (generally unnormalized) respective quantities
E and ρ, results in the change
w → w†. (16)
This relation implies also the change Aw → A∗w, which
results on inserting Eq. (16) into Eq. (12) [36].
The operators ρE and w have simple physical mean-
ings. Indeed, we note that ρ and E are quantum counter-
parts of the prior probability distribution and the condi-
tional probability of the measurement outcome, respec-
tively [37]. This implies that ρE is a quantum counter-
part of the joint probability distribution, and, hence, the
connection state w in Eq. (13) is a quantum counterpart
of the classical posterior probability distribution (i.e., the
probability distribution conditioned by a measurement
outcome); for details see Appendix A. In this interpre-
tation, Eq. (13) is a quantum analog of Bayes’ theorem
[recall that Tr (ρE) is the probability of the measurement
outcome, cf. Eq. (6)]. This shows that the weak value is
a quantum analog of a classical conditional expectation
value given a post-selection measurement outcome [38].
Note, however, an important distinction of the present
situation from the classical case: in quantum probability
theory [31, 37], ρ and E generally do not commute. As a
result, connection matrices are generally non-Hermitian,
i.e., they have drastically different properties from con-
ventional density matrices.
B. Connection states and unusual weak values
1. The Hermitian and anti-Hermitian parts of the
connection state
The non-Hermitianity of connection states explains
why weak values are generally unusual. Indeed, the con-
nection state can be written as a sum of the Hermitian
and anti-Hermitian parts,
w = w′ + iw′′, w′ =
ρE + Eρ
2Tr(ρE)
, w′′ =
[ρ,E]
2iTr(ρE)
.
(17)
Here w′ and w′′ are Hermitian operators, which deter-
mine the real and imaginary parts of the weak value [39],
ReAw = Tr (Aw
′), ImAw = Tr (Aw
′′). (18)
Note that the condition (15) implies
Trw′ = 1, Trw′′ = 0. (19)
The eigenvalues of w′ and w′′ can be positive or nega-
tive. As a result, the magnitudes of these eigenvalues
are not restricted by the conditions (19) and thus can be
arbitrarily large.
This can be shown explicitly using the inequality
c′ + c′′ ≥ ||w||, (20)
where ||w|| is the connection-matrix norm given by the
square root of the maximum eigenvalue of w†w (or,
equivalently, ww†) and c′ = ||w′|| (c′′ = ||w′′||) is the
maximum eigenvalue magnitude for w′ (w′′). Equation
(20) is implied by the property of the matrix norm,
||O1 + O2|| ≤ ||O1|| + ||O2||, valid for any operators O1
and O2 [40].
For example, it is easy to see that in the case of
pure pre- and post-selected states, we have w†w =
|φ〉〈φ|/|〈φ|ψ〉|2, yielding
||w|| = |〈φ|ψ〉|−1. (21)
This quantity tends to infinity for 〈φ|ψ〉 → 0. Hence,
as follows from Eq. (20), in this case c′ or c′′ or both
tend to infinity. The absence of the upper limit for con-
nection states gives rise to unbounded weak values and
amplification [3, 7, 16, 17].
2. The orthogonality relation
The Hermitian and anti-Hermitian parts of the con-
nection state have an interesting property: they are mu-
tually orthogonal in terms of the Hilbert-Schmidt inner
product of operators,
Tr (w′w′′) = Tr (w′′w′) = 0. (22)
To show this, we note that any operators O1 and O2
satisfy the identity
Tr [(O1O2 +O2O1)(O1O2 −O2O1)] = Tr(O1O2O1O2
−O1O22O1 + O2O21O2 −O2O1O2O1) = 0, (23)
where the last equality is obtained with the help of the
cyclic property of the trace.
As a consequence, we obtain the statement: for any
Hermitian operators O1 and O2, the Hermitian and anti-
Hermitian parts of their product O = O1O2 = O
′ + iO′′
are orthogonal in terms of the inner product. Indeed,
taking into account that O′ = (O1O2 + O2O1)/2 and
O′′ = [O1, O2]/(2i), we obtain [cf. Eq. (23)]
Tr (O′O′′) ∝ Tr [(O1O2 +O2O1)(O1O2 −O2O1)] = 0.
(24)
Finally, Eq. (22) results as a special case of Eq. (24).
The relation (22) shows that the Hermitian and anti-
Hermitian parts of the connection state are not com-
pletely independent of each other.
C. Usual and unusual connection states
Connection states can be classified into usual and un-
usual, depending on whether they allow for unusual weak
5values. A connection state, Eq. (13), is usual, if and only
if ρ and E commute. Indeed, when ρ and E commute,
w is a Hermitian, positive operator, similar to a density
matrix, and, as a result, any weak value is usual, i.e., a
real number inside the range of the eigenvalues of the ob-
servable, just as the expectation value [cf. Eqs. (11) and
(12)]. On the other hand, when ρ and E do not com-
mute, the connection state is unusual, i.e., then there
always exists an observable with an unusual weak value.
Indeed, then w is non-Hermitian and hence w′′ 6= 0. In
this case, there exists a Hermitian operator A such that
Tr (Aw′′) = ImAw 6= 0; hence A possesses a complex
(i.e., unusual) weak value. In particular, for pure pre-
and post-selected states |ψ〉 and |φ〉, connection states
are always unusual, except for the trivial case |ψ〉 = |φ〉
where the posterior and preselected ensembles coincide.
Even when a connection state is unusual (i.e., non-
Hermitian or non-positive), there exist observables with
usual weak values. In particular, for an arbitrary con-
nection state, weak values are always usual whenever A
commutes with either ρ or E [7],
[A, ρ] = 0 or [A,E] = 0. (25)
This fact can be generalized to measurements of arbitrary
strength, as discussed in Sec. IV.
The fact that Eq. (12) formally coincides with the
Born rule implies that weak PPS measurements simu-
late conventional measurements performed on a system
in a “quantum state” w.
D. Sum rules for connection states
Consider the POVM {El} for a general measurement
and the corresponding connection states wl = ρEl/Pl,
where Pl is the probability of the outcome l, Eq. (6). It
is easy to see that the normalization condition (5) implies
the following sum rule for the connection states [26],
∑
l
Plwl = ρ. (26)
Taking into account that Plwl = ρEl is a quantum coun-
terpart of a joint probability, as discussed above, we can
interpret Eq. (26) as a quantum analog of a classical
marginal distribution obtained by averaging over infor-
mation about the measurement. Equation (26) is equiv-
alent to the following sum rules,
∑
l
Plw
′
l = ρ,
∑
l
Plw
′′
l = 0, (27)
where w′l and w
′′
l are Hermitian operators such that wl =
w′l + iw
′′
l . The first equality in Eq. (27) was obtained
previously in Ref. [24].
An immediate consequence of Eq. (26) is a sum rule for
the weak values Aw,l = Tr (Awl) of a quantity A. Indeed,
multiplying both sides of Eq. (26) by A and taking the
trace yields the sum rule
∑
l
PlAw,l = A¯. (28)
Taking into account that Aw,l is a quantum counter-
part of a conditional expectation, as mentioned above,
Eq. (28) is a quantum analog of the expression for an av-
erage of a conditional expectation over the measurement
results. The real and imaginary parts of Eq. (28) provide
the following sum rules,
∑
l
Pl ReAw,l = A¯,
∑
l
Pl ImAw,l = 0. (29)
Special cases of the sum rules (28) and (29) were obtained
in Refs. [7, 41, 42].
E. Tomography of connection states
Connection states can be determined experimentally.
In particular, quantum tomography of connection states
can be performed with the help of weak PPS mea-
surements, similarly to tomography of quantum states
[24, 30], as follows. A connection state can be written in
the form
w =
d2∑
i=1
αiBi, (30)
where {Bi} is a set of linearly-independent operators, d
is the dimension of the Hilbert space of the quantum
system, and αi are complex coefficients. The coefficients
αi can be obtained on measuring a set of d
2 linearly-
independent operators {Ai}, which may or may not co-
incide with {Bi}.
Indeed, on multiplying Eq. (30) by Aj , taking the
trace, and using Eq. (12), we obtain the equations,
d2∑
i=1
ajiαi = (Aj)w, (31)
where the quantities aji = Tr (AjBi) are known and
(Aj)w are weak values that can be measured. Solving
these equations yields αi and hence the connection state
w. Namely,
αi =
d2∑
j=1
(a−1)ij(Aj)w, (32)
where a is the matrix with the elements aji. Equations
(31) and (32) simplify when Ai and Bi are Hermitian,
since then aji are real.
6IV. CONNECTION-STATE FORMALISM FOR
SOME MEASUREMENTS OF ARBITRARY
STRENGTH
A. General results
Connection states generally cannot provide the results
of strong PPS measurements. Indeed, generally Eq. (7)
cannot be reduced to Eq. (12). The reason for this is
that strong measurements significantly disturb the state
of the system. However, for a special class of observ-
ables, namely for observables A commuting with either ρ
or E, Eq. (25), there is an extension of the result (12) to
PPS measurements of arbitrary strength. Namely, in the
case (25), a PPS measurement of arbitrary strength is
equivalent to (i.e., yields the same results as) the con-
ventional (preselected only) measurement of the same
strength with the effective initial state ρeff equal to w
or w′ [43]. The equivalence of the above two values of
ρeff (i.e., w and w
′) means that in the case (25) w′′ does
not influence the measurements, and hence one has the
freedom to neglect w′′ in w = w′ + iw′′.
Curiously, as mentioned above, w′ can have negative
eigenvalues and hence may not represent a real quan-
tum state. Thus, PPS measurements of any strength can
simulate conventional measurements of observables in a
fictitious state described by a “density matrix” with neg-
ative eigenvalues.
In particular, strong PPS measurements can simu-
late ideal projective measurements involving the “quan-
tum state” w or w′. This can be derived directly from
Eq. (7). Namely, on taking into account Eq. (2), the
cyclic property of the trace, and the fact that when
[A, ρ] = 0 ([A,E] = 0), then Πi commutes with ρ (E),
Eq. (7) can be transformed to the form
Pi|E = Tr (Πiw) ≡ Πi,w, (33)
where Πi,w is the weak value of Πi. Similarly, we ob-
tain that Pi|E = Tr (Πiw
†), yielding, in view of Eq. (33),
Pi|E = Tr [Πi(w +w
†)/2] = Tr (Πiw
′). Thus we obtain a
result alternative to Eq. (33),
Pi|E = Tr (Πiw
′). (34)
Equations (33) and (34) coincide with the result of a con-
ventional strong measurement in Eq. (3) with ρ substi-
tuted by w or w′. Note that the probabilities in Eqs. (33)
and (34) are classical, i.e., non-negative, although gener-
ally w is non-Hermitian and w′ is not positive; indeed, the
probabilities in Eq. (7) are easily seen to be non-negative.
More generally, as shown in Appendix B, in the case
(25) PPS measurements of arbitrary strength provide the
weak value Aw. Now Aw is a usual value of A, i.e., a real
value within the range of the eigenvalues of A.
B. Violation of an uncertainty relation in
connection states
It is interesting to note that though in the case (25)
PPS measurements are usual from the point of view of
classical physics, they are not usual from the point of
view of quantum mechanics. Indeed, Eq. (33) implies
the well known fact that in a PPS ensemble with pure
pre- and post-selected states |ψ〉 and |φ〉, any observable
with an eigenstate |ψ〉 or |φ〉 has a definite value, equal to
the corresponding eigenvalue [44]. Therefore in such an
ensemble two non-commuting observables without com-
mon eigenvectors (such as two orthogonal projections of
the angular momentum) can have definite values. In con-
trast, such a situation is not possible in a conventional
(preselected only) ensemble. In view of the above discus-
sion, this “paradox” [44] can be interpreted as a direct
consequence of the unusual character of the connection
matrix, since in the present case arbitrary-strength PPS
measurements simulate conventional measurements of a
system in the “quantum state” w or w′.
Consider an extension of the above unusual situation.
In the case when ρ and E are not pure states, one can
expect that the uncertainties of two non-commuting op-
erators which commute with ρ and E, respectively, can
be still below those required by quantum mechanics for
conventional measurements. We show this for the spe-
cial case of a qubit, where the following sum uncertainty
relation holds [45],
∆σ21 +∆σ
2
2 ≥ 1. (35)
Here ∆σ2i is the variance of the Pauli matrix σi = Πi+ −
Πi−, where Πi± = |i±〉〈i± |.
Consider arbitrary-strength PPS measurements such
that ρ (E) commutes with σ1 (σ2),
ρ = p+Π1+ + p−Π1− = (I + λ1σ1)/2,
E = e+Π2+ + e−Π2− = [(e+ + e−)/2](I + λ2σ2).(36)
Here λ1 = p+ − p− and λ2 = (e+ − e−)/(e+ + e−), so
that −1 ≤ λ1,2 ≤ 1. The parameters |λ1| and |λ2| are
measures of purity of ρ and E, so that, e.g., for |λ1| = 1
ρ is pure and for λ1 = 0 ρ is completely mixed (ρ ∝ I).
It is easy to show that Eq. (13) yields now w = w′ + iw′′
with
w′ = (I + λ1σ1 + λ2σ2)/2, (37a)
w′′ = λ1λ2σ3/2. (37b)
Note that here w′ and w′′ satisfy the orthogonality rela-
tion (22).
In the present case, the variance of σi is ∆σ
2
i,w =
(σ2i )w − (σi)2w. Taking into account that (σ2i )w = (I)w =
1 and
(σi)w = Tr (σiw
′) = λi (i = 1, 2), (38)
we obtain that ∆σ2i,w = 1−λ2i . These variances are usual
values, 0 ≤ ∆σ2i,w ≤ 1, as one should expect. The sum
7of the variances is
∆σ21,w +∆σ
2
2,w = 2− λ21 − λ22. (39)
Note that here the purity parameters for ρ and E enter
on an equal footing.
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FIG. 2. The square |λ1,2| ≤ 1 provides the allowed region
of the parameters. The connection states (40) with definite
values of σ1 and σ2 correspond to the vertices of the square
(λ1,2 = ±1), as shown. The shaded part of the parameter
space shows the region (41) where the uncertainty relation is
violated, Eq. (42), and w′ is unusual (non-positive).
Consider special cases of Eq. (39). For pure pre- and
post-selected states, we have |λ1| = |λ2| = 1, and Eq. (39)
implies that ∆σ1,w = ∆σ2,w = 0, i.e., σ1 and σ2 have
definite values, in agreement with the above discussion.
The connection states for this case can be expressed by
Eq. (14) in the form (see also Fig. 2)
wαβ = (1 + iαβ)|2α〉〈1β| (α, β = ±). (40)
Furthermore, when
λ21 + λ
2
2 > 1, (41)
we have
∆σ21,w +∆σ
2
2,w < 1, (42)
in contradiction to the uncertainty relation (35). The
condition (41), shown graphically in Fig. 2, also ensures
that w′ in Eq. (37a) is unusual, i.e., has a negative eigen-
value, since the eigenvalues of w′ are (1 ±
√
λ21 + λ
2
2)/2.
The left-hand side of Eq. (39) increases with the decrease
of the purity of ρ or E or both. Finally, when λ21+λ
2
2 ≤ 1,
the quantity w′ is usual, i.e., a positive operator. In this
case, we obtain that ∆σ21,w + ∆σ
2
2,w ≥ 1, in agreement
with Eq. (35), as one should expect.
Thus, we have shown that the uncertainty relation (35)
is violated in PPS measurements whenever w′ is unusual,
i.e., in the case (41). Now the value of w′′ is unimportant
for measurements of σ1 and σ2, as discussed in Sec. IVA.
Note, however, that in the present case the connection
state w is unusual for almost all values of the parameters,
since w′′ is nonzero unless ρ or E is a multiple of I (i.e.,
unless λ1 or λ2 vanishes); cf. Eq. (37b). In other words,
w is unusual in the whole square in Fig. 2, except for the
axes lines. This agrees with the statement in Sec. III C
that w is unusual whenever ρ and E do not commute.
Generally the non-Hermitian part w′′ of the connection
state is important for weak measurements, since w′′ is
responsible for complex weak values [cf. Eq. (18)]. For
example, now (σ3)w = Tr (σ3w) = iTr (σ3w
′′) = iλ1λ2
[cf. Eqs. (37)].
C. Retrodictive states
An important special case of the present theory occurs
when the initial state is not known, i.e., it is completely
random, ρ ∝ I. Measurements in this case are called
post-selected only measurements [4]. Now the connection
state (13) becomes
w =
E
TrE
≡ ρretr, (43)
this operator being called the retrodictive state [27]. Note
that the retrodictive state describes post-selected only
measurements of any strength for any observables, since
any operatorA commutes with ρ ∝ I [cf. the first equality
in Eq. (25)]. The study of the retrodictive state (43)
provides information on the detector [46].
1. Tomography of quantum detectors
One can perform tomography of the retrodictive state
and thus reconstruct E by the method described in
Sec. III E. The only difference is that now measurements
of any strength can be used. This method differs from
the usual tomography of quantum detectors [47] which
employs conventional (preselected only) measurements of
the probabilities Pi = Tr (ρi E) for a set of different ini-
tial states {ρi}. In the present method the initial state
is completely random, and the (post-selected only) mea-
surements are performed for a set of linearly-independent
operators {Ai}.
The above method provides ρretr, which determines the
POVM operator E = (TrE)ρretr only with the accuracy
to the factor TrE. This factor results easily from a mea-
surement of the post-selection probability P = Tr (ρE).
Indeed, since now ρ = I/d, we have P = TrE/d, and
hence TrE = Pd.
82. Symmetric form of connection states
Using the definition of retrodictive states in Eq. (43),
the expression (43) for the connection states can be recast
in a symmetric form,
w =
ρpredρretr
Tr (ρpredρretr)
, (44)
where the predictive state ρpred = ρ. This expression
shows explicitly that quantum smoothing is a combina-
tion of prediction provided by the quantum state ρ and
retrodiction determined by the retrodictive state ρretr.
V. CONNECTION STATES AND QUANTUM
COMPLEMENTARITY
In this section, we show that the unusual character
of the connection states in the generic case where ρ
and E do not commute is a manifestation of the non-
classical nature of quantum mechanics or, more specif-
ically, quantum complementarity. Indeed, the comple-
mentarity principle states, loosely speaking, that differ-
ent measurements generally provide results contradicting
each other from the point of view of usual (classical) logic,
since measurements of non-commuting observables pro-
vide information on incompatible aspects of a quantum
system, such as, e.g., wave-like and particle-like behav-
ior. As a result, one cannot use information provided by a
measurement of some observable to improve one’s knowl-
edge on a quantum system obtained from a preceding
measurement of a different non-commuting observable,
since the two pieces of information describe incompati-
ble aspects of a quantum system.
The initial state ρ provides the maximum information
on observables that commute with ρ and thus describes
a certain aspect of the quantum system represented by
such an observable. (If ρ has degenerate eigenvalues, the
observables commuting with ρ may not commute with
each other; then ρ describes two or more incompatible
aspects of the quantum system.) When E commutes with
ρ, the measurement is in essence classical, and it can
improve our knowledge on the system. This improved
knowledge is described by the connection state w that is
now a usual state (a positive operator). Correspondingly,
now Eq. (13) coincides in essence with the classical Bayes
theorem.
In contrast, when E and ρ do not commute, the fi-
nal measurement probes an aspect of the quantum sys-
tem which is incompatible with the aspect(s) described
by the initial state ρ. Since now information provided
by the measurement cannot increase the knowledge de-
scribed by ρ, the connection state w must be necessarily
unusual (i.e., a non-Hermitian or non-positive operator).
Otherwise, w would provide an improved knowledge on
the quantum system, and this is forbidden by the com-
plementarity principle. From this we can deduct that
unusual weak values have no direct physical meaning in
the classical sense. An unusual value simply indicates
that the property of the quantum system probed by a
given PPS measurement is non-classical, i.e., it cannot
be described in classical terms.
Of course, this does not mean that weak values are
useless. On the contrary, they have unique properties,
such as amplification, which are very useful, as mentioned
above. Moreover, they provide a more direct access to
quantum information than conventional measurements,
as implied by the above discussion and demonstrated in
experiments on direct measurements of the wave function
[14, 15].
In summary, the above discussion shows that the rea-
son for the unusual connection states is the non-classical
nature of quantum mechanics or, more specifically, quan-
tum complementarity. The latter is also the ultimate
reason for counterintuitive results of weak and some non-
weak PPS measurements, including unusual weak values,
quantum paradoxes [5], and violations of uncertainty re-
lations (Sec. IVB), since such results can be explained as
resulting from unusual connection states.
VI. TIME DEPENDENCE
A. Time dependence of general PPS measurements
Until now, we neglected the effects of the free dynam-
ics of the quantum system on PPS measurements. It
is instructive to include into the consideration the time
dependence due to the system Hamiltonian H(t). We as-
sume that the initial state is prepared at time t0 and the
post-selection measurement is performed at time t1 > t0.
Moreover, we assume that a PPS measurement is per-
formed using the von-Neumann scheme [3, 28], so that
the system and meter are correlated impulsively at time
t (t0 < t < t1). Then the system dynamics is taken into
account most generally by the substitutions in the for-
mulas for PPS measurements [see, e.g., Eqs. (7) and (8)]
given by Eqs. (C3) in Appendix C.
1. Schro¨dinger picture
In particular, it is common to describe the time de-
pendence of PPS measurements by the substitutions
[5, 10, 44] [see Eqs. (C3) with U1 = I]
ρ → ρ(t) = U(t, t0)ρU †(t, t0), (45a)
E → E(t1, t) = U †(t1, t)E U(t1, t). (45b)
Here
U(t′, t′′) = T exp
[
− i
h¯
∫ t′
t′′
dτH(τ)
]
, (46)
where T is the chronological operator. In Eq. (45b),
E(t1, t) is the POVM operator in the Heisenberg picture
9defined with respect to the initial time t. As a function
of t, E(t1, t) satisfies the backward Heisenberg equation
[48],
ih¯
dE
dt
= [H(t), E], (47)
with the “final” condition E(t1, t1) = E. In the repre-
sentation (45), the observable A is independent of the
system dynamics. Therefore, this representation can be
called “the Schro¨dinger picture for PPS measurements”.
2. Heisenberg pictures
More generally, PPS measurements can be described
using the Heisenberg picture with respect to the arbitrary
reference time tr (t0 ≤ tr ≤ t1),
A → A(t, tr) = U †(t, tr)AU(t, tr), (48a)
ρ → ρ(tr), (48b)
E → E(t1, tr). (48c)
This representation results from Eqs. (C3) with U1 =
U †(t, tr). A special case of Eqs. (48) for tr = t is the com-
mon representation (45). Moreover, one can consider the
forward and backward Heisenberg pictures, respectively,
A→ A(t, t0), E → E(t1, t0) (49)
and
A→ A(t, t1), ρ→ ρ(t1). (50)
obtained from Eqs. (48) for tr = t0 and tr = t1, respec-
tively. In the Heisenberg pictures, Eqs. (49) and (50), ρ
and E are fixed at either the initial or the final time, and
only the observable evolves: forward in time from t0 to t
in Eq. (49) or backward in time from t1 to t in Eq. (50).
The above representations, Eqs. (45) and (48)-(50),
simplify when one of the quantities A, ρ, or E commutes
with the Hamiltonian H(t). For example, it is interest-
ing that, when A is a constant of motion [i.e., commutes
with H(t)], the system dynamics in PPS measurements
can be described simply by replacing the initial state ρ
by its final value ρ(t1) [cf. Eq. (50)].
B. Time dependence of connection states:
Time-dependent quantum Bayes formula
Inserting the substitutions (45) into Eq. (13) yields the
time-dependent connection matrix,
w(t) = ρ(t)E(t1, t)/P, (51)
where
P = Tr [ρ(t)E(t1, t)] = Tr [ρE(t1, t0)] = Tr [ρ(t1)E].
(52)
Note that the normalization factor P is independent of
time, being equal just to the probability of the measure-
ment outcome described by E, as indicated by the last
expression in Eq. (52).
Equation (51) can be interpreted in terms of probabil-
ities. The operator E(t1, t) is a quantum counterpart of
the probability of a measurement outcome at t1 given a
system state at t; correspondingly, ρ(t)E(t1, t) is a quan-
tum counterpart of the joint probability of a system state
at t and a measurement outcome at t1. This interpreta-
tion agrees with the above fact that Tr [ρ(t)E(t1, t)] is
the (unconditional) probability of the measurement out-
come. Thus, the time dependence of w(t) is formally the
same as for a classical posterior probability distribution.
Hence, Eq. (51) can be called the time-dependent quan-
tum Bayes formula.
A more explicit form of Eq. (51) is
w(t) = U(t, t0)ρU
†(t1, t0)E U(t1, t)/P. (53)
In the case of pure pre- and post-selected states, Eq. (53)
becomes
w(t) =
U(t, t0)|ψ〉〈φ|U(t1, t)
〈φ|U(t1, t0)|ψ〉 . (54)
Connection states obey the von Neumann equation for
time evolution,
ih¯
dw
dt
= [H(t), w]. (55)
One can solve Eq. (55) either forward in time using the
initial condition w(t0) = ρE(t1, t0)/P or backward in
time using the final condition w(t1) = ρ(t1)E/P .
1. Weak values
The weak value in the presence of the free evolution of
the quantum system is given by
Aw = Tr [Aw(t)] = Tr [Aρ(t)E(t1, t)]/P. (56)
In addition to this “Schro¨dinger picture”, one can use
also various Heisenberg pictures, Eqs. (48)-(50). In par-
ticular, Eq. (56) can be recast in the “forward Heisenberg
picture”,
Aw = Tr [A(t, t0)w(t0)], (57)
or in the “backward Heisenberg picture”,
Aw = Tr [A(t, t1)w(t1)]. (58)
In the Heisenberg pictures, Eqs. (57) and (58), the con-
nection matrix is constant in time, being equal to its
initial or final value, w(t0) or w(t1), respectively.
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2. Retrodictive states and the symmetric form for w(t)
When ρ ∝ I [and hence also ρ(t) ∝ I], then Eq. (51)
yields a time-dependent retrodictive state
ρretr(t) =
E(t1, t)
TrE
. (59)
Retrodictive states satisfy Eq. (47) or (55) with the fi-
nal condition ρretr(t1) = E/TrE. Retrodictive states
differ essentially from usual (predictive) quantum states,
since the former (the latter) describe post-selected (pres-
elected) ensembles. However, there is a remarkable sym-
metry between them: retrodictive states ρretr(t) can be
interpreted as usual states propagating backward in time,
from t1 to t [10, 27, 49]. With the help of Eq. (59), w(t)
in Eq. (51) can be recast in a symmetric form,
w(t) =
ρpred(t)ρretr(t)
P ′
, (60)
where ρpred(t) = ρ(t) and P
′ = Tr [ρpred(t)ρretr(t)] =
P/TrE (0 < P ′ ≤ 1). Equation (60) is a time-dependent
analog of Eq. (44).
C. Some remarks
Conventional measurements are local in time, since
their results depend only on the values of the density
matrix and/or the observable at the moment of measure-
ment. In contrast, PPS measurements are non-local in
time, since they combine a measurement of A at t and
the post-selection measurement at t1. Thus, the time
dependence in Eqs. (45) and hence in Eq. (51) can be ex-
plained as follows. Since the measurement of A is made
at t, the measurement result should depend on the value
of the density matrix at t, which explains Eq. (45a) and
the first factor in Eq. (51). Next, the post-selection mea-
surement is performed after the measurement of A, at
t1 ≥ t. Since the state of the system changes with time,
the probability of the post-selection outcome and hence
the PPS ensemble and its statistical properties may vary
with time. This change is compensated for by employ-
ing the POVM operator E in the Heisenberg picture in
the interval (t, t1), which results in a time-independent
post-selection probability; cf. Eq. (52). This explains the
time dependence in Eq. (45b) and in the second factor in
Eq. (51).
Let us remark on the measurement probability P in
Eq. (52). This is the usual Born rule, written in dif-
ferent representations. Though the differences between
the meanings of different expressions in Eq. (52) were
discussed [27, 49, 50] at some length [51], the operator
products under the trace sign in Eq. (52) cannot be ob-
served in conventional measurements. The present the-
ory implies that not only the trace in Eq. (52) but also
the quantity under the trace sign are experimentally ac-
cessible. Since this quantity is actually an unnormalized
connection state, it can be probed and tomographically
reconstructed with the help of weak PPS measurements,
as described above.
1. Evolution backward in time
Equation (51) shows that the state of the system be-
tween the preparation and measurement, described by
the connection matrix w(t), is determined not only by
the earlier preparation event but also by the later mea-
surement event. This counterintuitive fact can be viewed
as resulting from another counterintuitive fact, namely,
that the retrodictive state evolves backward in time [4–
6, 10, 23, 24, 27, 50, 52].
The above interpretations can be useful in applications
since they provide a clear (though unusual) physical pic-
ture. However, they should not be taken too literally,
since they are not unique, owing to the fact that the
common representation (45), for which Eq. (51) holds,
is not unique. In particular, note that, at least, in one
of the representations, the backward Heisenberg picture
[Eqs. (50) and (58)], E does not depend on time and
hence cannot be interpreted as a backward evolving state.
[Instead, in this case the observable A(t, t1) is moving
backward in time.] Thus, generally, there is a freedom of
choice of the representation and/or the interpretation in
PPS measurements. This freedom allows one to choose
the representation/interpretation which is most suitable
for a given problem; see examples in Refs. [27, 49, 50].
2. Retrospective nature of connection states
From the point of view of orthodox quantum mechan-
ics, connection states have a retrospective nature. In-
deed, before the final measurement a PPS ensemble does
not exist, since the property probed by the final mea-
surement does not exist, even in a hidden form, at least,
when E and ρ do not commute. As a result, before the
final measurement, the connection state is a purely the-
oretical entity without a real physical counterpart and
hence without a physical meaning. After the creation of
a PPS ensemble, the connection state acquires a physical
meaning retroactively. However, the description provided
by connection states is retrospective, since it is possible
only at times later than the temporal interval where it is
applicable.
Here we encounter one of paradoxical features of quan-
tum mechanics. Namely, a quantum measurement not
only reveals a property of a quantum system, it also cre-
ates the whole history of the system from the preparation
to the measurement. (Here by the “history” we mean the
description of the behavior of the quantum system with
the help of a connection state.) In particular, if an exper-
imenter would decide to change the measurement setting
and thus change the set of the POVM operators {El},
this would provide a different set of the posterior ensem-
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bles and hence quite different histories. In view of the
retrospective nature of connection states, the backward-
in-time propagation effects described by them do not vi-
olate the principle of causality [49].
VII. DISCUSSION
A. Comparison to the two-state vector formalism
Let us compare the present connection-state formal-
ism (CSF) with the two-state vector formalism (TSVF)
developed by Aharonov et al. [1, 4, 6]. (Two-state vec-
tors are called also two-time states [52].) The TSVF
is applicable to weak and strong (but not intermediate-
strength) PPS measurements, whereas the CSF holds for
weak and some arbitrary-strength PPS measurements.
Moreover, the TSVF describes the special case of pure
pre- and post-selected states, whereas our formalism de-
scribes the general case with arbitrary initial states and
post-selection measurements. Thus, for many cases only
one of the two formalisms is applicable, whereas both
formalisms hold for weak and some strong PPS measure-
ments with pure pre- and post-selected states.
A two-state vector has a rather unusual mathematical
structure: it is “a mathematical object which is com-
prised of a bra and a ket vector with an empty slot in
between” [52]. In contrast, a connection matrix is a fa-
miliar and very well studied mathematical object, simi-
lar to other objects in the quantum formalism, namely,
a linear operator on the Hilbert space of the quantum
system. A relative simplicity of the CSF allowed us to
derive results, which cannot be obtained in the frame
of the TSVF, such as those related to the separation of
connection states into the Hermitian and anti-Hermitian
parts (cf. Sec. III B).
Another advantage of the CSF is that it describes PPS
measurements in a manner similar to the Born rule [see
Eq. (12)], thus allowing one to study PPS measurements
by analogy with conventional measurements. Note that
in the case of pure pre- and post-selection states, there
is a simple formal relation between the TSVF and the
CSF: the connection matrix is given by the normalized
direct product of the two vectors comprising the two-
state vector, see Eq. (14).
B. Connection and posterior states
The above analysis focused on one quantity character-
izing a posterior ensemble: the connection state w used
for quantum smoothing in the past (t0 < t < t1). There
is also another quantity characterizing a posterior ensem-
ble: the conventional posterior quantum state ρ′ used for
predictions in the future (t > t1). Let us compare w and
ρ′.
In contrast to w, the posterior state ρ′ is not defined
uniquely for given ρ and E. We restrict the consideration
to the important case when the post-selection measure-
ment is minimally disturbing, so that [37]
ρ′ =
√
E ρ
√
E
Tr (ρE)
. (61)
Similarly to Eq. (13), the equality (61) can be also consid-
ered as a quantum counterpart of Bayes’ theorem [53, 54].
However, there is a significant difference between the two
above quantities. Both expressions involve information
on two (generally) incompatible aspects of a quantum
system provided by ρ and E. However, in the connection
state, Eq. (13), the two pieces of information enter on
an equal footing. As a result, PPS measurements yield
generally unusual results, as discussed in Sec. V.
In contrast, ρ′ is a conventional state which describes
classical results of conventional measurements. This rec-
onciliation of the two incompatible aspects is achieved
by a complete or partial projection of the initial state
performed in Eq. (61), which erases (completely or par-
tially) the information contained in the initial state ρ.
The degree of erasure increases with the measurement
strength, the complete erasure being achieved for projec-
tive measurements with rank-1 projectors [cf. the remark
after Eq. (4)].
It is interesting that there are situations where ρ′ = w.
This occurs when E commutes with ρ. In particular,
ρ′ = w = ρretr for any E when ρ is completely random,
ρ ∝ I. In other words, when the post-selection measure-
ment is minimally disturbing, the retrodictive state (43)
coincides with the posterior (i.e., predictive) state. In
this case, measurements (strong or weak or intermediate-
strength) yield the same results, irrespective of whether
they are performed before or after the post-selection mea-
surement.
VIII. CONCLUSIONS
In the present paper, we consider the notion of connec-
tion state (or connection matrix) that describes quantum
systems in a posterior ensemble produced by a quantum
measurement. A connection matrix is a non-Hermitian
operator that is a direct extension of the density matrix.
The present formalism provides a unified description of
various types of measurements, including conventional,
retrodictive, as well as weak and certain non-weak PPS
measurements.
We have discussed the physical meaning of connection
matrices and their relation to PPS measurements and
weak values. We have shown that the unusual charac-
ter of weak values is a direct consequence of the non-
Hermitianity of connection matrices, which in turn re-
sults from the non-classical nature of quantum mechan-
ics, namely, from the complementarity principle. Next,
it is shown, in essence, that weak and some arbitrary-
strength PPS measurements allow one to perform quan-
tum simulations of non-positive/non-Hermitian quantum
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states. In the future, it would be of interest to consider
implications of this fact to quantum information process-
ing.
Thus, here it is shown that a broad class of non-
Hermitian operators are experimentally accessible quan-
tities with a clear physical meaning. The present ap-
proach can be useful in all applications of PPS measure-
ments, including quantum information processing.
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Appendix A: Classical analogy for quantum
measurements
In the classical case, a physical observable A can be
often described as a random variable which can assume
the values {ai} with the probabilities {pi} (for simplicity,
we consider an observable with discrete values). Gener-
ally, a measurement of A is non-ideal; it is described by
the probability ei,l of a certain measurement outcome l
provided that the value of A is ai. Thus the quantities
Pl =
∑
i
piei,l, Pi,l = piei,l, Pi|l =
piei,l∑
i piei,l
(A1)
are, respectively, the probability of the measurement out-
come l, the joint probability of the value ai and the out-
come l, and the conditional probability of ai subject to
the outcome l. The latter equality is the (classical) Bayes
theorem.
In quantum mechanics, the classical case can be simu-
lated if the three operators A, ρ, and El commute with
each other. Then one can find a basis {|i〉}, in which they
are diagonal simultaneously, with the eigenvalues corre-
sponding to the eigenvector |i〉 equaling ai, pi, and ei,l,
respectively. (In this Appendix, we assume for simplicity
that the eigenvalues ai of A are non-degenerate.) In this
case, if we consider only the non-degenerate observables
diagonal in {|i〉}, the quantities pi and ei,l have essen-
tially the same meaning as in the classical case. Namely,
ρ provides the probability distribution of the states |i〉
and, hence, of the values ai, whereas the operators El
provide the conditional probability distribution of the
measurement results.
Now, the quantities in Eq. (A1) can be written equiv-
alently in the form
Pl = Tr(ρEl), Pi,l = (ρEl)ii, Pi|l =
(ρEl)ii
Tr(ρEl)
, (A2)
which implies that ρEl and ρEl/Tr(ρEl) provide uncon-
ditional and conditional probability distributions. In the
general case, where A, ρ, and El do not necessarily com-
mute with each other, ρEl is not a classical distribution
[although Tr(ρEl) remains the probability of the outcome
l]. Still, in a sense, ρEl and ρEl/Tr(ρEl) can be viewed
as quantum counterparts of the classical unconditional
and conditional probability distributions.
Appendix B: Measurements of arbitrary strength
In the case (25), PPS measurements of arbitrary
strength provide a usual value of A, i.e., a real value
within the range of the eigenvalues of A. To show this,
we note that, as follows from the above, in the case (25)
we can consider a PPS measurement of A as a conven-
tional measurement performed in the effective quantum
state w. We use the von Neumann measurement model,
where the system and the meter are correlated by a uni-
tary transformation Uc(A), which is defined in the tensor
product of the Hilbert spaces of the system and the me-
ter. The operator Uc(A) is a function of A such that
Uc(ai) 6= Uc(aj) ∀i 6= j. A simple example of Uc(A) is
Uc(A) = exp(−iA ⊗ F ), where F is a meter observable
[3, 7]. The application of Uc(A) is followed by a measure-
ment of the expectation value R¯f of the pointer variable
R of the meter, yielding [7]
R¯f = Tr [(I ⊗R)Uc(A)(w ⊗ ρM)U †c (A)], (B1)
where ρM is the initial state of the meter.
Assume first that A commutes with ρ. Then a basis
{|ik〉} can be found where A and ρ are diagonal,
A =
∑
i,k
ai|ik〉〈ik|, (B2)
ρ =
∑
i,k
pik|ik〉〈ik|. (B3)
Here the quantum number k takes into account a possible
degeneracy of the eigenvalues ai. Using Eqs. (13) and
(B2) and the cyclic property of the trace, Eq. (B1) can
be transformed to the form
R¯f =
∑
i,k
PikR¯f,i. (B4)
Here R¯f,i is the pointer expectation value corresponding
to the eigenvalue ai,
R¯f,i = Tr [RUc(ai)ρMU
†
c (ai)], (B5)
and {Pik} is the probability distribution,
Pik =
pik〈ik|E|ik〉
Tr (ρE)
=
pik〈ik|E|ik〉∑
i,k pik〈ik|E|ik〉
. (B6)
Taking into account that Πi =
∑
k |ik〉〈ik|, it is easy to
see that ∑
k
Pik = Tr (Πiw) = Πi,w (B7)
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[cf. Eq. (33)]. Hence Eq. (B4) becomes finally
R¯f =
∑
i
Πi,wR¯f,i. (B8)
This equation shows that the pointer expectation value is
a classical average of the pointer values corresponding to
the eigenvalues of A. Hence, R¯f corresponds to a usual
value of A equal to
Aw =
∑
i
Πi,wai. (B9)
This sum is the spectral representation of the weak value
(Eq. (2.62) in Ref. [7]).
In a similar fashion, we obtain Eqs. (B4), (B8), and
(B9) also when A commutes with E. The difference
is only in intermediate formulas. In particular, now
Eq. (B3) should be replaced by
E =
∑
i,k
eik|ik〉〈ik|, (B10)
and Eq. (B6) should be replaced by
Pik =
〈ik|ρ|ik〉eik∑
i,k〈ik|ρ|ik〉eik
. (B11)
Appendix C: Effects of the system dynamics on PPS
measurements of arbitrary strength
Here we show that the unitary evolution of the quan-
tum system in PPS measurements of arbitrary strength
can be taken into account just by redefining the relevant
quantities. We also specify the most general form of the
necessary substitutions.
For arbitrary-strength PPS measurements, the expec-
tation value of the pointer variable R of the meter is given
by [7]
R¯s =
Tr [(E ⊗ Rˆ)Uc(A)(ρ ⊗ ρM)U †c (A)]
Tr [(E ⊗ IM)Uc(A)(ρ⊗ ρM)U †c (A)]
, (C1)
where Uc(A) is the correlating operator defined in Ap-
pendix B and IM is the unity operator for the meter.
Equation (C1) is obtained for the case of the zero Hamil-
tonians of the system and the meter. Here we are in-
terested in the effects of the system dynamics (for the
effects of the meter dynamics see Ref. [7] and references
therein).
It is easy to see that in the case of impulsive measure-
ments [where the application of the correlating transfor-
mation Uc(A) is performed during a very short interval
around the moment t], the system dynamics yields the
substitutions in Eq. (C1) given by Eq. (45a) and
Uc(A)→ U(t1, t)Uc(A), (C2)
where U(t1, t) describes the system dynamics [see
Eq. (46)].
The extra factor U(t1, t) in Eq. (C2) can be included
in the definitions of the quantities entering Eq. (C1).
Namely, Eq. (C1) with the substitutions (45a) and (C2)
can be recast in the same form as Eq. (C1) under the
replacements,
A→ U1AU †1 , (C3a)
ρ→ U1ρ(t)U †1 , (C3b)
E → U1E(t1, t)U †1 . (C3c)
Here E(t1, t) is defined in Eq. (45b), and U1 is an arbi-
trary unitary operator.
Equations (C3) are the most general transformations of
the parameters of the problem, describing the system dy-
namics for arbitrary-strength PPS measurements. They
are defined with the accuracy to an arbitrary unitary
transformation. Usually in the theory of PPS measure-
ments, the special case of Eqs. (C3) with U1 = I is con-
sidered [see Eqs. (45)]. Here we emphasize the fact that
this special case is not unique, and other representations
are equally allowed by quantum mechanics. This freedom
of choice of the representation may be utilized to simplify
and clarify the consideration of PPS measurements.
Note in passing that Eqs. (C3) imply that even in the
absence of the system dynamics, PPS measurements are
invariant under simultaneous unitary transformations of
the relevant parameters,
A→ U1AU †1 , (C4a)
ρ→ U1ρU †1 , (C4b)
E → U1EU †1 . (C4c)
This invariance is a special case of the fundamental fact
that the results of quantum mechanics are invariant un-
der simultaneous change of all observables and states due
to the same unitary transformation.
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